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Abstract
We start from a local and linear spacetime relation between the electromagnetic excitation
and the field strength. Then we study the generally covariant Fresnel surfaces for light rays and
light waves. The metric and the connection of spacetime are left unspecified. Accordingly, our
framework is ideally suited for a search of possible violations of the Lorentz symmetry in the
photon sector of the extended standard model. We discuss how the skewon part of the constitutive
tensor, if suitably parametrized, influences the Fresnel surfaces and disturbs the light cones of
vacuum electrodynamics. Conditions are specified that yield the reduction of the original quartic
Fresnel surface to the double light cone structure (birefringence) and to the single light cone.
Qualitatively, the effects of the real skewon field can be compared to those in absorbing material
media. In contrast, the imaginary skewon field can be interpreted in terms of non-absorbing media
with natural optical activity and Faraday effects. The astrophysical data on gamma-ray bursts are
used for deriving an upper limit for the magnitude of the skewon field.
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INTRODUCTION
Classical electrodynamics is fundamentally linked to the concepts of relativity and space-
time symmetry. In particular, many high precision tests of relativity are based on elec-
tromagnetic phenomena. At present, there is a growing interest (both theoretically and
experimentally) in the search for possible violations of the Lorentz symmetry. The latter
may naturally occur, for example, in the framework of unified theories of physical interac-
tions at the Planck length scale, and may then manifest themselves at the scales of usual
high-energy particle physics in the form of corrections to the established quantum field-
theoretical models. Even though presently the limits of the standard model of elementary
particle physics (SM) become visible, see Sec.10.6 of the new Particle Data Report [1], it still
remains the basis of our understanding of the strong and the electroweak interactions. At
the foundations of the SM lays special relativity with the Poincare´ symmetry group and, as-
sociated with it, the light cone structure. Although this rigid light cone structure of special
relativity is assumed as framework for the SM, we know from general relativity theory (GR)
and from experiments that the light cone structure is in fact “flexible”. In other words, in
GR the metric becomes a space and time dependent field. This alone demonstrates that the
SM cannot be strictly correct.
Numerous attempts have been made to take care of this state of affairs and to build up a
more general framework for the SM and perhaps even to include GR. One of the promising
approaches is the standard model extension (SME) of Kostelecky´ and collaborators, see
[2, 3, 4], in which by means of a set of parameters certain violations of the SM are put in
a quantitative form amenable to experimental tests. The photon sector of the SME has
been particularly closely studied in [5], where the propagation of electromagnetic waves in
vacuum was investigated with Lorentz violating terms added in the effective constitutive
tensor.
In this paper, we continue the study of electrodynamical phenomena in the framework of
the so-called premetric approach, i.e., without assuming a special form of the metric structure
on a spacetime manifold. Such an approach provides a general technique for an appropriate
physical discussion of the experimental tests of possible violations of the Lorentz symmetry
and of parity, since at the outset no assumptions were allowed about geometric structures,
such as the metric or the connection of spacetime. On the contrary, the analysis of the
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dynamics of the electromagnetic field in this approach yields, via the light propagation, the
information about the underlying metrical structure of spacetime. Accordingly, this scheme
can be viewed as a general test theory of the searches for possible deviations from the Lorentz
symmetry in the photon sector of SME. It is worthwhile to note that the multi-parameter
approach of Kostelecky´ and Mewes [5] can be naturally embedded into the framework of
general premetric electrodynamics.
Electromagnetic wave propagation is a very important physical phenomenon in classical
field theory. In general, the geometrical structure of spacetime as well as the intrinsic
properties and the motion of material media can affect the light propagation. Hence, a
theoretical analysis of the latter ultimately results in establishing the properties of the
(genuine or effective “optical”) metric structure on the manifold.
In the generally covariant premetric approach to electrodynamics [11, 12, 13, 14], the ax-
ioms of electric charge and of magnetic flux conservation manifest themselves in the Maxwell
equations for the excitation H = (D,H) and the field strength F = (E,B):
dH = J, dF = 0 . (1)
These equations should be supplemented by a constitutive law H = H(F ). The latter rela-
tion contains the crucial information about the underlying physical continuum (i.e., about
spacetime and/or about the material medium). Mathematically, this constitutive law arises
either from a suitable phenomenological theory of a medium or from the electromagnetic
field Lagrangian. It can be a nonlinear or even nonlocal relation between the electromagnetic
excitation and the field strength.
Earlier, we have investigated the propagation of waves in the most general local and
linear theory. One can conveniently split the constitutive relation into the three irreducible
pieces which are known as the principal part, the skewon part and the axion part. It is
important to stress that such a decomposition is intrinsically metricfree, and thus it suits
nicely for the purpose of the study of the violations of the Lorentz symmetry in the photon
sector. More specifically, we investigated the influence of the axion and the skewon fields
on the wave propagation by applying a linear response formalism, see [6]. Subsequently,
Itin [7] studied birefringence caused by the axion field in the Caroll-Field-Jackiw model
of electrodynamics [8]. More recently, we investigated the birefringence of electromagnetic
waves and its consequences for the metric of spacetime [9]. The possible limits of the
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Lorentz symmetry can be seen in a particularly transparent way, both qualitatively and
quantitatively, including also the case of a possible violation of the charge conservation law
[10].
The axion field and its interference with electrodynamics is a well-studied subject, and
the same applies to the influence of the general principal part of the constitutive tensor
which was thoroughly analyzed in [5]. However, this is not so in the case of the skewon
field, a new structure which allows us to exhaust all 36 parameters of a linear spacetime
relation (exact definitions are given below). The only relevant earlier results are those
of Nieves and Pal [15, 16] which were confined to the case of the spatially isotropic and
constant scalar skewon field. In contrast, we present here some results which hold true for all
electrodynamical models with an arbitrary local and linear spacetime relation that contains
a nontrivial skewon part. We use the expression “spacetime relation”, since it applies to
spacetime (“the vacuum”) itself, and in order to distinguish it from the constitutive law of a
material medium. From a mathematical point of view, the general local and linear spacetime
relation is similar to the constitutive relation for matter with sufficiently complicated electric
and magnetic properties. Quite naturally, the study and the physical interpretation of the
wave propagation in a manifold with a general spacetime relation appears to be very close
to the analysis of the corresponding wave effects in crystal optics. The latter subject was
extensively studied in the literature, see [17, 18, 19, 20], for example. In particular, our
analysis reveals the analogy of the effects of the real skewon field to the propagation of waves
in absorbing media with circular dichroism, whereas the imaginary skewon field appears to
be analogous to the optical activity tensor.
If local coordinates xi are given, with i, j, ... = 0, 1, 2, 3, we can decompose the excitation
and field strength 2-forms into their components according to
H =
1
2
Hij dx
i ∧ dxj , F = 1
2
Fij dx
i ∧ dxj. (2)
GENERAL LOCAL AND LINEAR CONSTITUTIVE RELATION
We confine ourselves to the case in which the electromagnetic excitation and the field
strength are related by the local and linear constitutive law,
Hij =
1
2
κij
kl Fkl . (3)
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The constitutive tensor κ has 36 independent components. One can decompose this object
into its irreducible pieces. Obviously, contraction is the only tool for such a decomposition.
Following Post [21], we can define the contracted tensor of type [11]
κi
k := κil
kl , (4)
with 16 independent components. The second contraction yields the pseudo-scalar function
κ := κk
k = κkl
kl . (5)
The traceless piece
6κik := κik − 1
4
κ δki (6)
has 15 independent components. These pieces can now be subtracted out from the original
constitutive tensor. Then,
κij
kl = (1)κij
kl + (2)κij
kl + (3)κij
kl (7)
= (1)κij
kl + 2 6κ[i[k δl]j] +
1
6
κ δk[iδ
l
j]. (8)
By construction, (1)κij
kl is the totally traceless part of the constitutive tensor:
(1)κil
kl = 0. (9)
Thus, we split κ according to 36 = 20 + 15 + 1, and the [22] tensor
(1)κij
kl is subject to the
16 constraints (9) and carries 20 = 36− 16 components.
One may call (1)κij
kl the principal, or the metric-dilaton part of the constitutive law.
Without such a term, electromagnetic waves are ruled out, see [22, 23, 24]. We further
identify the two other irreducible parts with a skewon and an axion field, respectively.
Conventionally, the skewon and the axion fields are introduced by
6Sij = − 1
2
6κij , α = 1
12
κ. (10)
The standard Maxwell-Lorentz electrodynamics arises when both skewon and axion van-
ish, whereas
(1)κij
kl = λ0 ηij
kl. (11)
Here λ0 =
√
ε0/µ0 is the vacuum impedance. A spacetime metric gij is assumed on the
manifold, and with g := detgij one defines ηijkl :=
√−gǫˆijkl and ηijkl = ηijmn gmkgnl. It has
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been shown recently [9] that taking the linear spacetime relation for granted, one ends up
at a Riemannian lightcone provided one forbids birefringence in vacuum, see also [25].
Along with the original κ-tensor, it is convenient to introduce an alternative representa-
tion of the constitutive tensor:
χijkl :=
1
2
ǫijmn κmn
kl. (12)
Substituting (8) into (12), we find the corresponding decomposition
χijkl = (1)χijkl + (2)χijkl + (3)χijkl (13)
with the principal, skewon, and axion pieces defined by
(1)χijkl =
1
2
ǫijmn (1)κmn
kl, (14)
(2)χijkl =
1
2
ǫijmn (2)κmn
kl = − ǫijm[k 6κml], (15)
(3)χijkl =
1
2
ǫijmn (3)κmn
kl =
1
12
ǫijkl κ. (16)
Using the S-identity and the K-identity derived in [23], we can verify that (2)χ is skew-
symmetric under the exchange of the first and the second index pair, whereas (1)χ is sym-
metric:
(2)χijkl = − (2)χklij, (1)χijkl = (1)χklij. (17)
Space-time decomposed constitutive relation
Making a (1 + 3)-decomposition [13] of covariant electrodynamics, we can write H and
F as column 6-vectors with the components built from the magnetic and electric excitation
3-vectors Ha,Da and electric and magnetic field strengths Ea, Ba, respectively. Then the
linear spacetime relation (3) reads: Ha
Da
 =
 Cba Bba
Aba Dba

 −Eb
Bb
 . (18)
Here the constitutive tensor is conveniently represented by the 6-matrix
κI
K =
 Cba Bba
Aba Dba
 , χIK =
 Bab Dab
Cab Aab
 . (19)
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The constitutive 3×3 matricesA,B, C,D are constructed from the components of the original
constitutive tensor as
Aba := χ0a0b , Bba := 1
4
ǫˆacd ǫˆbef χ
cdef , (20)
Cab := 1
2
ǫˆbcd χ
cd0a , Dab := 1
2
ǫˆacd χ
0bcd . (21)
If we resolve with respect to χ, we find the inverse formulas
χ0a0b = Aba , χabcd = ǫabe ǫcdf Bfe , (22)
χ0abc = ǫbcdD ad , χab0c = ǫabd Ccd . (23)
The contributions of the principal, the skewon, and the axion parts to the above consti-
tutive 3-matrices can be written explicitly as
Aab = −εab − ǫabc 6Sc0, (24)
Bab = µ−1ab + ǫˆabc 6S0c, (25)
Cab = γab − (6Sba − δab 6Scc) + α δab , (26)
Dab = γba + (6Sab − δba 6Scc) + α δba. (27)
The set of the symmetric matrices εab = εba and µ−1ab = µ
−1
ba together with the traceless matrix
γab (i.e., γ
c
c = 0) comprise the principal part
(1)χijkl of the constitutive tensor. Usually,
εab is called permittivity tensor and µ−1ab reciprocal permeability tensor (“impermeability”
tensor), since they describe the polarization and the magnetization of a medium, respectively.
The magnetoelectric cross-term γab is related to the Fresnel-Fizeau effects. The skewon
contributions in (24) and (25) are responsible for the electric and magnetic Faraday effects,
respectively, whereas skewon terms in (26) and (27) describe optical activity.
GENERAL FRESNEL EQUATIONS: WAVE AND RAY SURFACES
Here we briefly summarize the results of previous work [6, 22, 26, 27]. In the Hadamard
approach, one studies the propagation of a discontinuity in the first derivative of the elec-
tromagnetic field. The basic notions are then the fields of the wave covector and the ray
vector that encode the information about the propagation of a wave in a spacetime with a
general constitutive relation.
7
Wave surface
The crucial observation about the surface of discontinuity S (defined locally by a function
Φ such that Φ = const on S) is that across S the geometric Hadamard conditions are satisfied
for the components of the electromagnetic field and their derivatives: [Fij ] = 0, [∂iFjk] =
qi fjk, [Hij ] = 0, [∂iHjk] = qi hjk. Here qi := ∂iΦ is the wave covector. Then using the
Maxwell equations (1) and the constitutive law (3), we find a system of algebraic equations
for the jump functions:
χ ijkl qj fkl = 0 , ǫ
ijkl qj fkl = 0 . (28)
Solving the last equation in (28) by means of fij = qiaj − qjai, we finally reduce (28)1 to
χ ijkl qjqkal = 0. This algebraic system has a nontrivial solution for ai only if the determinant
of the matrix on the left hand side vanishes. The latter gives rise to our generalized covariant
Fresnel equation
Gijkl(χ) qiqjqkql = 0 , (29)
with the fourth order Tamm-Rubilar (TR) tensor density of weight +1 defined by
Gijkl(χ) := 1
4!
ǫˆmnpq ǫˆrstu χ
mnr(i χj|ps|k χl)qtu . (30)
It is totally symmetric, Gijkl(χ) = G(ijkl)(χ), and thus has 35 independent components.
Different irreducible parts of the constitutive tensor (8) contribute differently to the
general Fresnel equation. A straightforward analysis [23, 24] shows that the axion piece
drops out completely from the TR-tensor, whereas the two remaining irreducible parts of
the constitutive tensor contributes to (30) as follows:
Gijkl(χ) = Gijkl((1)χ) + (1)χm(i|n|j 6S km 6S l)n . (31)
Ray surface
A ray can be defined by a vector field s = si∂i that is dual to the wave covector q = qi dx
i
and to the wave front in the following sense [27, 28]:
s⌋h = 0, s⌋f = 0, s⌋q = 0. (32)
Here the 2-forms h = 1
2
hijdx
i ∧ dxj and f = 1
2
fijdx
i ∧ dxj represent the jumps of the first
derivatives of the electromagnetic field. Equations (32) are metric-free. The system of the
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first two equations can be analysed in complete analogy to the system (28). As a result, one
arrives at the “dual” Fresnel equation imposed on the components si of the ray vector:
Ĝijkl sisjsksl = 0. (33)
Like the TR-tensor density (30), the totally symmetric tensor density of weight −1 is con-
structed in terms of the components of the constitutive tensor:
Ĝijkl(χ) := 1
4!
ǫmnpq ǫrstu χ̂mnr(i χ̂j|ps|k χ̂l)qtu
=
1
4 · 4! χ
pqmn ǫˆmnr(i ǫˆj|pvw χ
vwgh ǫˆghs|k ǫˆl)qtu χ
turs . (34)
As before, a complete symmetrization has to be performed over the four indices i, j, k, l, with
the vertical lines separating out those indices that are excluded from the symmetrization.
Here we introduced a “double dual” of the constitutive tensor density as
χ̂ijkl =
1
4
ǫˆijmn ǫˆklpq χ
mnpq . (35)
The contraction of this new object with the original constitutive tensor yields
1
2
χ̂klmn χ
mnij =
1
2
κkl
mn κmn
ij . (36)
Using (13), we find the corresponding decomposition
χ̂ijkl =
(1)χ̂ijkl − 2ǫˆijm[k 6Sl]m + ǫˆijkl α, (37)
Substituting this into (34), we arrive at the skewon contribution to the ray surface:
Ĝijkl(χ) = Ĝijkl((1)χ) + (1)χ̂m(i|n|j 6Skm 6Sl)n . (38)
SKEWON FIELD: DIFFERENT PARAMETRIZATIONS AND WAVE PROPAGA-
TION EFFECTS IN VACUUM
The main aim of this paper is to investigate the possible influence of the skewon field 6Sij
on the electromagnetic wave propagation. For simplicity, we assume that the principal part
of the constitutive tensor is determined by the Maxwell-Lorentz law (11), that is,
(1)χminj = λ0
√−g
(
gmngji − gmjgni
)
, (1)χ̂minj = − λ0√−g (gmngji − gmjgni) . (39)
However, the skewon structure will be kept as general as possible. As a preliminary step,
we note that direct computations yield
Gijkl((1)χ) = −λ30
√−g g(ijgkl), Ĝijkl((1)χ) = λ
3
0√−g g(ijgkl) . (40)
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‘Double vector’ parametrization
The skewon, as a traceless tensor field of type [11], has 15 independent components. Given
the spacetimes metric gij, we can decompose the skewon field into an antisymmetric and
a symmetric part. The latter can be conveniently constructed from a pair of arbitrary
(co)vector fields vi and wi , so that we find eventually
6Sij = aij + wivj − 1
4
δji (wv). (41)
Here aij := ai
kgkj = −aji is an arbitrary antisymmetric tensor and (wv) = wivi. Such a
parametrization produces almost a general skewon field, since the number of independent
components is here 14 = 6(aij) + 4(v
i) + 4(wi).
Substituting (41) into (31) and (38), and taking into account (39), we find
(1)χm(i|n|j 6S km 6S l)n = λ0
√−g
[(
am(iam
j + 2v(ibj + w2 v(ivj
)
gkl) − v(ivjwkwl)
]
, (42)
(1)χ̂m(i|n|j 6Skm 6Sl)n = − λ0√−g
[(
am(ia
m
j + 2w(ib̂j + v
2w(iwj
)
gkl) − v(ivjwkwl)
]
. (43)
Here bi := wj aj
i, b̂i := ai
j vj and w
2 = wiw
i, v2 = viv
i.
Adding the principal terms (40) to the contributions of the skewon (42) and (43), we
see that neither the wave surface nor the ray surface decompose into the product of cones
in general. In other words, birefringence is absent. The last terms in (42) and in (43) are
responsible for that. Let us investigate those particular cases of the skewon field in the
‘double vector’ representation (41) which do admit the birefringence phenomenon.
Purely antisymmetric skewon
When the skewon field is represented by its antisymmetric part only, i.e., 6Sij = aij (which
is obtained by putting both vi = wi = 0), then the analysis of (31) shows that the light
propagation is birefringent with one light cone defined by the spacetime metric gij and the
second “optical” metric
gij(2) = g
ij − 1
λ20
amiam
j. (44)
This result actually holds true for any other parametrizations of the skewon field which will
be considered later. At the same time, inspection of (38) yields the decomposition of the
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ray surface into the light cone of the spacetime metric gij and a second cone defined by
g
(2)
ij = gij −
1
λ20
amia
m
j. (45)
Although (44) and (45) look very similar, we notice that they are not mutual inverse, and
hence, they do not determine a unique geometric structure on spacetime.
Purely symmetric ‘vector’ skewon
Assume now that the skew-symmetric skewon part is absent, which is evidently achieved
if aij = v[iwj]. Then b
i = (1/2)[wi(vw)− viw2], b̂i = (1/2)[vi(vw)− wiv2], and we find the
TR-tensor in the birefringent form
Gijkl = −λ30
√−g g(ij+ gkl)− . (46)
Here the two light cones are defined by the two optical metrics
gij± = g
ij − v
(iwj)
2λ20
[
(vw)±
√
(vw)2 − 4λ20
]
. (47)
Here (vw) = viw
i. Obviously, in order to have the wave propagation along separate light
cones, the skewon field must satisfy the condition
(vw)2 ≥ 4λ20. (48)
When this condition is violated, the Fresnel wave surface is of 4th order and birefringence
is absent. For the equality sign in (48), the birefringence disappears and the two light cones
coincide. However, one can straightforwardly prove that for (vw)2 = 4λ20 the optical metric
has an Euclidean signature. Hence there is no wave propagation in this case. The type of
the signature correlates with the sign of the determinant of the metric: the latter is negative
for the Lorentzian case and positive for the Euclidean one.
A direct computation yields
det
(
gij − kv(iwj)
)
= (det gij)
{
1− k (vw) + k
2
4
[
(vw)2 − v2w2
]}
. (49)
Comparing this with (47), we identify the coefficient as k± =
[
(vw)±
√
(vw)2 − 4λ20
]
/2λ20
and finally obtain
(det gij±) = (det g
ij)
k2±
4
[
(vw)2 − v2w2 − 4λ20
]
. (50)
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Since the spacetime metric is Lorentzian, its determinant is negative, (det gij) < 0. As a
result, we conclude that the optical metrics will be also Lorentzian only if
(vw)2 − v2w2 > 4λ20. (51)
Note that the two conditions (51) and (48) look pretty similar. In fact, we can verify that
only one of them is an essential inequality. Indeed, when the two vectors are either both
timelike (v2 > 0, w2 > 0) or both spacelike (v2 < 0, w2 < 0), the new condition (51) makes
the constraint (48) redundant, whereas when at least one of the vectors is null, (51) and
(48) coincide. Finally, when one of the vectors is timelike and another spacelike, the only
essential condition is (48) and (51) is redundant.
With these conditions, we can classify the effects of the skewon field on wave propagation.
The spatially isotropic skewon field of Nieves & Pal [15, 16], for example, belongs to the
subcase when the two vectors w and v are proportional to each other. Indeed, let us consider
the (flat) Minkowski spacetime with the Lorentzian metric gij = diag(c
2,−1,−1,−1), and
let us put wi = − vi = δi0
√
2S/c with some scalar function S of dimension [λ0]. Then, from
(41), we recover the isotropic skewon field
6Sij = S
2

−3 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

. (52)
As a result, the spacetime relation becomes
Da = ε0 δabEb + (−S + α)Ba , (53)
Ha = (−S − α)Ea + µ−10 δabBb . (54)
Accordingly, in the special case when skewon and axion become constant fields, one can
speak of the 4 electromagnetic constants for a vacuum spacetime with spatial isotropy: The
electric constant ε0, the magnetic constant µ0, the spatially isotropic part S of the skewon
6Sij , and the axion α.
In this special case we evidently find (vw)2−v2w2 = 0. Hence (50) yields that both optical
metrics have a wrong Euclidean signature. This is in complete agreement with our earlier
observations [23] in which the absence of wave propagation was reported on the background
of the isotropic skewon field of Nieves & Pal.
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However, now we obviously obtain a far more general result: whereas Nieves & Pal
have considered only a very special configuration with the spacelike vectors v and w being
proportional to each other, the wave propagation is actually also absent for any wi ∼ vi and
any Riemannian spacetime metric gij. Then again (vw)
2 − v2w2 = 0 and hence (det gij±) =
− (det gij)λ20k2± > 0.
General parametrization
It is impossible to construct a general parametrization of the skewon field by using covari-
ant 4-dimensional objects. Instead, we have to switch to the space and time decomposition
techniques and to allow for the use of 3-dimensional (3D) tensor objects. Then we can write
the required parametrization as follows:
6Sij =
 −scc ma
nb sb
a
 . (55)
Here ma and nb are 3D (co)vector fields, whereas sb
a is a 3D tensor of type [11]. From now on,
the indices from the beginning of the Latin alphabet denote the spatial 3D components, i.e.,
a, b, c, . . . = 1, 2, 3. The count of the independent components, namely 3+3+9 = 15, shows
that we indeed have the most general representation of the skewon field. It is straightforward
to establish the dimensions of the different pieces of skewon field: We find that [sb
a] = [λ0],
[nb] = [ε0] and [m
a] = 1/[µ0].
With this general parametrization, the linear spacetime relation (18) can be written
symbolically as follows:  Ha
Da
 =

κ
 −Eb
Bb
 . (56)
Here the linear operator on the right-hand side explicitly reads:
κ :=
 γba µ−1ab
−εab γab
+
 −sab + δbascc −ǫˆabcmc
ǫabcnc sb
a − δab scc
+ α
 δba 0
0 δab
 . (57)
Now we again specialize to the Maxwell-Lorentz principal part (39). Moreover, since we
are specifically interested in the skewon effects, we will assume for concreteness that the
spacetime metric is the flat Minkowskian one with Lorentzian signature, gij = (c
2,− δab) =
diag(c2,−1,−1,−1). The Euclidean 3-metric tensor δab should not be confused with the
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Kronecker delta: The components of the latter are always either 0 or 1, whereas the former
has these values in Cartesian coordinates only. Then one can further decompose the 3D
skewon tensor into its symmetric and skewsymmetric parts:
sb
a = ub
a + ǫb
aczc. (58)
Here uab = uba, and the 3D indices are raised and lowered by means of the Euclidean
3D metric, i.e., ub
a =: ubcδ
ac and ǫb
ac := ǫbdeδ
adδce. The covector field zc describes the
antisymmetric part of the 3D tensor skewon. Obviously, both irreducible parts of the tensor
skewon have the same dimension [ub
a] = [zc] = [λ0].
Space-time decomposition and wave and ray surfaces
The analysis of the wave propagation in the presence of the general skewon field (55)
is not possible in the above covariant 4-dimensional framework. Since the space and time
components are explicitly separated in the general parametrization (55), we need a corre-
sponding approach to the wave and ray surfaces in which a space and time decomposition
has been performed.
Namely, let us denote the independent components of the TR-tensor (30) as follows:
M := G0000 = detA , (59)
Ma := 4G000a = −ǫˆbcd
(
AbaAce Cde +AabAecD de
)
, (60)
Mab := 6G00ab = 1
2
A(ab)
[
(Cdd)2 + (Dcc)2 − (Ccd +Ddc)(Cdc +Dcd)
]
+(Cdc +Dcd)(Ac(aCb)d +Dd(aAb)c)− CddAc(aCb)c
−Dc(aAb)cDdd −AdcC(acDdb) +
(
A(ab)Adc −Ad(aAb)c
)
Bdc , (61)
Mabc := 4G0abc = ǫde(c|
[
Bdf (Aab)D fe −D ae Ab)f )
+Bfd(Aab) Cfe −Af |aCb)e) + Caf D b)e D fd +D af Cb)e Cfd
]
, (62)
Mabcd := Gabcd = ǫef(cǫ|gh|d Bhf
[
1
2
Aab) Bge − CaeD b)g
]
. (63)
Then, in decomposed form, the generalized Fresnel equation (29) reads
q40M + q
3
0qaM
a + q20qaqbM
ab + q0qaqbqcM
abc + qaqbqcqdM
abcd = 0 . (64)
Similarly to (59)-(63), we can decompose the 4-dimensional tensor density (34) into a set
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FIG. 1: Fresnel surface for a real skewon of the electric Faraday type. It has the form of a
toroid (depicted with a cut). Here na = n δ
3
a with n
2 = 10; we use the dimensionless variables
x := cq1/q0, y := cq2/q0, z := cq3/q0.
of 3-dimensional objects:
M̂ := Ĝ0000 = detB , (65)
M̂a := 4 Ĝ000a = −ǫbcd (Bba BceDde + Bab Bec Ced) , (66)
M̂ab := 6 Ĝ00ab = 1
2
B(ab)
[
(Cdd)2 + (Dcc)2 − (Ccd +Ddc)(Cdc +Dcd)
]
+(Ccd +Ddc)(Bc(aDb)d + Cd(aBb)c)−DddBc(aDb)c
−Cc(aBb)cCdd − BdcD(acCdb) +
(
B(ab)Bdc − Bd(aBb)c
)
Adc , (67)
M̂abc := 4 Ĝ0abc = ǫˆde(c
[
Adf (Bab) Cef − CeaBb)f )
+Afd(Bab)Df e − B|f |aDb)e) +Daf Ceb) Cdf + Cf aDb)eDf d
]
, (68)
M̂abcd := Ĝabcd = ǫˆef(cǫˆ|gh|dAhf
[
1
2
Bab)Age −Dae Cgb)
]
. (69)
Then the Fresnel type equation for the quartic ray surface (33) in decomposed form reads
(s0)4 M̂ + (s0)3 sa M̂a + (s
0)2 sasb M̂ab + s
0sasbsc M̂abc + s
asbscsd M̂abcd = 0 . (70)
Now we are in a position to study the effects induced by the different irreducible parts of
the skewon field.
Skewonic electric Faraday effect
When only the na part of the skewon is nontrivial, whereas m
a = 0 and sb
a = 0, the
electric constitutive relation reads Da = ε0Ea + ǫabcnbEc. We will call this the skewonic
electric Faraday effect, since it describes the electric Faraday effect in optically active media
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FIG. 2: Fresnel surface for a skewon of the electric Faraday type. It has the form of a spheroid
for the large purely imaginary skewon n. Here na = n δ
3
a with n
2 = −10; we use the dimensionless
variables x := cq1/q0, y := cq2/q0, z := cq3/q0.
for purely imaginary na [12, 20, 31]. Then, from (59)-(63), we find the coefficients of the
Fresnel equation as Ma = 0, Mabc = 0, whereas the nontrivial components read
M = − ε0
(
ε20 + n
2
)
, Mabcd = − 1
µ0
λ20 δ
(abδcd), (71)
Mab = ε0
[
2λ20 δ
ab + c2
(
δab n2 − na nb
)]
. (72)
Here, as usual, na = δabnb and n
2 = nana.
On the other hand, according to (65)-(69), the analysis of the ray surface yields M̂a = 0,
M̂abc = 0, and
M̂ =
1
µ30
, M̂ab = − 2λ
2
0
µ0
δab, M̂abcd = ε0δ(ab
(
λ20 δcd) + c
2 ncnd)
)
. (73)
As a result, we obtain the following Fresnel surfaces for the wave covectors and the ray
vectors, respectively:
(q0/c)
4 (1 + n2)− (q0/c)2
[
2q2 + n2q2 − (nq)2
]
+ (q2)2 = 0, (74)
(s0c)
4 − 2(s0c)2 s2 + s2
[
s2 + (ns)2
]
= 0. (75)
Here we denote q2 = qaq
a, s2 = sas
a, (nq) = naq
a, (ns) = nas
a. Moreover, we use the
dimensionless skewon vector na := na/ε0.
With the help of the nontrivial vector n, we can split the wave covector qa = q
⊥
a + q
||
a into
its transversal and longitudinal parts, with q⊥a = qa−n−2 nanbqb and q||a = n−2 nanbqb. Then
the Fresnel equation (74) is rewritten in the form
[
(q0/c)
2 − q2⊥
] [
(q0/c)
2(1 + n2)− q2⊥
]
+ q2||
[
−2(q0/c)2 + 2q2⊥ + q2||
]
= 0. (76)
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Accordingly, in the plane transversal to the skewon vector na, we find birefringence with
the Minkowski metric and the second optical metric gij = diag((1 + n2)/c2,−1,−1,−1).
However, the Fresnel surface does not decompose into a product of the two light cones.
Although, for n2 = 0, the wave covector surface is a sphere, it becomes a toroid already for
a small positive n2 > 0. The latter looks like a very thin and narrow belt for small values
of n2. However, it becomes a thick toroid with the inner radius decreasing to zero for large
values of n2. A typical Fresnel surface for this case is depicted in Fig. 1. Physically, the hole
of this toroid corresponds to the directions in which waves cannot propagate: In spherical
coordinates, the wave propagation occurs for θ0 ≤ θ ≤ π − θ0, where the spherical angle θ
is counted from the direction of the skewon vector na and the limiting angle is determined
from sin2 θ0 = 2/(1 +
√
1 + n2). As we see, the hole disappears when n2 →∞.
This qualitative characterization of the wave propagation can be completed by a numerical
estimate for the velocity of light. The phase velocity v of the wave propagation is defined by
the components of the wave covector according to qa = q0ka/v, where ka are the components
of the 3D unit covector. Usually, the mean value of the velocity is of interest that is obtained
after averaging over the directions of propagation and the polarizations. For the case under
consideration, a direct calculation yields
<v2>= c2
(
1 + n2/3
1 + n2
)
. (77)
Thus, since n2 is positive, the velocity of the wave propagation turns out to be less than c.
Making use of the data on the gamma-ray bursts and following [5], we derive as an upper
limit for the skewonic electric Faraday effect n2 < 3× 10−27 ε20.
The existence of a hole in the wave covector surface confirms our earlier conclusion about
the dissipative nature of the skewon. In particular, when we continue to the purely imaginary
values of n so that the square becomes negative, n2 < 0, the topology of the Fresnel surface
changes drastically. The hole disappears and the wave covector surface assumes the form of a
spheroid around the origin. More exactly, there is a single spheroid elongated in the direction
of the skewon vector na for n
2 ≥ −1, and two (embedded one into another) spheroids when
−1 < n2 < 0. The average radius of the inner spheroid in the latter case is smaller than
1 which, in physical terms, means that the velocity of wave propagation is greater than
c. Although the negative n2 < 0 corresponds to the well known electric Faraday effect in
crystals, such a superluminal behavior of waves for −1 < n2 < 0 was never reported in the
17
FIG. 3: Fresnel surface for a skewon of the electric Faraday type. It has the form of two concentric
spheroids (depicted here with cuts) for a small purely imaginary skewon n. Here na = n δ
3
a with
n2 = −0.5; we use the dimensionless variables x := cq1/q0, y := cq2/q0, z := cq3/q0.
literature, to the best of our knowledge. In Fig. 2 and Fig. 3, we depict typical Fresnel wave
covector surfaces for n2 = −10 and n2 = −0.5, respectively. The wave surface for n2 = −1
looks qualitatively like Fig. 2 with the top and the bottom of the spheroid at z = ±1.
Skewonic magnetic Faraday effect
In the opposite case, when the ma part of the skewon is nontrivial, whereas na = 0 and
sb
a = 0, the magnetic constitutive relation reads Ha = µ−10 Ba + ǫabcmbBc. We call this case
the skewonic magnetic Faraday effect, since it corresponds to the magnetic Faraday effect
when ma is purely imaginary [12, 20, 32]. From (59)-(63), in full analogy to the previous
subsection, we find that Ma = 0, Mabc = 0, whereas the nontrivial components are
M = − ε30, Mab = 2ε0λ20 δab, Mabcd = −
1
µ0
δ(ab
(
λ20 δ
cd) + c−2mcmd)
)
. (78)
Analogously, from (65)-(69), we find for the ray surface that M̂a = 0, M̂abc = 0, and
M̂ =
1
µ0
(
1
µ20
+m2
)
, M̂abcd = ε0 λ
2
0 δ(abδcd), (79)
M̂ab = − 1
µ0
[
2λ20 δab + c
−2
(
δab m
2 −mamb
)]
. (80)
Here again ma = δabm
b and m2 = mama. If, similarly to the previous subsection, we
introduce the dimensionless skewon vector by ma := maµ0, we end up with the following
Fresnel wave and ray surfaces, respectively:
(q0/c)
4 − 2(q0/c)2 q2 + q2
[
q2 + (mq)2
]
= 0, (81)
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FIG. 4: Fresnel surface for a skewon of the magnetic Faraday type. It has two branches that are
both hyperboloids for the large purely imaginary skewon m (depicted with a cut into half). Here
ma = mδa3 with m
2 = −10; the dimensionless variables are x := cq1/q0, y := cq2/q0, z := cq3/q0.
(s0c)
4 (1 +m2)− (s0c)2
[
2s2 +m2s2 − (ms)2
]
+ (s2)2 = 0. (82)
Similarly as before, (mq) = maq
a and (ms) = nas
a. Repeating the calculation of the velocity
of the wave propagation for this case, we find the mean velocity <v2 >= c2. As a result,
the analysis of the gamma-ray bursts data does not impose any limit on the pure skewon
field of the magnetic Faraday type.
As one can see immediately, the wave covectors are only trivial in the plane transverse
to the direction of the skewon vector, i.e., when (mq) = 0. The waves propagate in that
plane without birefringence along the light cone defined by the standard Minkowski metric,
since then [(q0/c)
2 − q2]2 = 0 is fulfilled. In contrast, a purely imaginary skewon vector,
with m2 < 0, yields more interesting results. In this case, the mentioned circle represents a
particular configuration that turns out to be the intersection curve of the two branches of
the Fresnel surface. The typical Fresnel wave covector surfaces for the cases m2 = −10 and
m2 = −0.5 are depicted in Fig. 4 and Fig. 5, respectively: Both branches are hyperboloids
or spheroids, intersecting in the z = 0 plane. The wave surface for m2 = −1 is qualitatively
different: It is represented by paraboloids as shown in Fig. 6.
Comparison of the results of the two last subsections demonstrates that the electric and
magnetic Faraday skewon effects are dual to each other in the following sense: When we
interchange the wave and the ray vectors q ↔ s and simultaneously the skewon vectors
n ↔ m, then the wave surface (74) has the same form as the ray surface (82) and vice
versa: The ray surface (75) has the same form as the wave surface (81). In this sense,
Figs. 4-6 show the ray (wave) surfaces dual to the respective wave (ray) surfaces depicted
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FIG. 5: Fresnel surface for a skewon of the magnetic Faraday type. It has two branches that
are both spheroids for a small purely imaginary skewon m (depicted with a cut into half). Here
ma = mδa3 with m
2 = −0.5; the dimensionless variables are x := cq1/q0, y := cq2/q0, z := cq3/q0.
in Figs. 1 and 2, with the mentioned replacement of n ↔ m and with the interchange
between the dimensionless wave covector variables x = cq1/q0, y = cq2/q0, z = cq3/q0 and
the dimensionless ray vector variables x = s1/s0c, y = s2/s0c, z = s3/s0c.
Skewonic magneto-electric optical activity
Let us now assume that only the tensor part of the skewon is present in (55), whereasma =
0 and na = 0. We call this a skewon of the magneto-electric type, since it corresponds to the
case of the natural optical activity in matter for the purely imaginary sb
a, see [12, 20, 33, 34].
Furthermore, we consider the effects of the symmetric and skew-symmetric parts (58). In
the absence of the skew-symmetric tensor part (zc = 0), we find M
a = 0, Mabc = 0 and
M = − ε30, Mabcd =
1
µ0
[
−λ20 δ(abδcd) + δ(abuecu|e|d) − u(abucd)
]
, (83)
Mab = ε0
[
2λ20 δ
ab +
(
2uab − δabudd
)
uc
c − ueau|e|b)
]
. (84)
As a check of the consistency of our formalism, we can verify that the isotropic case ua
b =
−Sδab reduces to the birefringent case (46) and (47) with wi = − vi = δi0
√
2S/c.
As to the ray surface, a direct computation yields M̂a = 0, M̂abc = 0 and
M̂ = µ−30 , M̂ab = − c2 δaa′δbb′ Ma
′b′ , M̂abcd = − c−2 δaa′δbb′δcc′δdd′ Ma′b′c′d′ . (85)
Accordingly, the form of the Fresnel ray and wave surfaces turns out to be exactly the same.
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FIG. 6: Fresnel surface for a skewon of the magnetic Faraday type. It has two branches that are
both paraboloids for the purely imaginary skewon with m2 = −1 (depicted with a cut into half).
Here ma = mδa3 ; we use the dimensionless variables x := cq1/q0, y := cq2/q0, z := cq3/q0.
A direct calculation of the mean velocity of the light propagation now yields
<v2>= c2
(
1− ua
bub
a + ua
aub
b
6
)
. (86)
As usual, we again introduce the dimensionless skewon variable ua
b = ua
b/λ0. Then, simi-
larly to the above cases, we find as upper value for the symmetric tensor skewon field from
gamma-ray burst data [5] ua
bub
a < 7× 10−27 λ20.
The Fresnel wave covector surface has now quite a different form as compared to the
two cases above. For concreteness, let us take a tensor skewon with only one nontrivial
component, ua
b = u
(
δ1a δ
b
2 + δ
2
a δ
b
1
)
. Then, for small values of the skewon u < 1, the Fresnel
wave surface is depicted in Fig. 7. As a comment to this figure, let us recall that for a
vanishing skewon u = 0 we have a pure vacuum spacetime relation, and the Fresnel wave
surface is then a sphere. With u 6= 0, this sphere degenerates to a pair of highly deformed
intersecting toroids that, for extremely small values of u, are nearly covering the sphere.
But with growing u, the toroids becomes thin and thinner. The intermediate situation is
actually depicted in Fig. 7. Since we do not expect large skewon fields in general, we here
limit ourselves to the case of a small u.
In the complementary situation, when ma = 0, na = 0 and the symmetric part is absent
in (58), ua
b = 0, we obtain a particular case described in Sec. : Birefringence with the
Minkowski light cone and the second optical metric
g
(2)
ij =
 c2 0
0 (1− z2/λ20)−1 (− δab + zazb/λ20)
 . (87)
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FIG. 7: Fresnel surface for a skewon of the magneto-electric optical activity type. It has two
intersecting toroidal branches for the real skewon u = 0.8. We use the dimensionless variables
x := cq1/q0, y := cq2/q0, z := cq3/q0.
Unlike as with the symmetric tensor skewon, here the optical metric is always Lorentzian
with the determinant (det g
(2)
ij ) = − c2/ (1− z2/λ20)2. This means that the waves propagates
along both light cones (except for a skewon satisfying z2 = δabzazb = λ
2
0 when the optical
metric becomes degenerate). A straightforward computation of the mean speed of the wave
propagation now yields
<v2>= c2
(
1− z
2
3λ20
)
, (88)
and, accordingly, the upper limit for the skewon field from the gamma-ray data is again
z2 < 7× 10−27λ20.
SKEWON EFFECTS IN MATTER
In the previous section we studied the wave propagation on a vacuum spacetime described
by the principal part (1)χijkl of the constitutive tensor (39). We found that the characteristic
effect of the skewon field in that case was the emergence of holes in the wave covector surface.
In physical terms this means the complete damping of the wave propagation in certain
directions. Here we will briefly study the wave propagation in an anisotropic dielectric
medium and demonstrate that a similar effect occurs in the presence of a skewon field.
The constitutive relation for anisotropic matter is most easily formulated in terms of
the 3 × 3-matrix parametrization (19)-(21). In the absence of a skewon field, an arbitrary
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dielectric medium is described by the spacetime relation
Aab = − ε0 εab, with εab =

ε1 0 0
0 ε2 0
0 0 ε3
 , Bab = 1µ0 δab. (89)
The matrices Cab = 0 and Dab = 0. Then, from (59)-(63), we find Ma = 0, Mabc = 0,
M = − ε30ε1ε2ε3, Mabcd = − δ(abεcd)λ20/µ0, and
Mab = ε0λ
2
0

ε1(ε2 + ε3) 0 0
0 ε2(ε1 + ε3) 0
0 0 ε3(ε1 + ε2)
 . (90)
As a result, the Fresnel equation for the wave surface (64) can be recast into the simple form
ε1 q
2
1
c2q2 − ε1 q20
+
ε2 q
2
2
c2q2 − ε2 q20
+
ε3 q
2
3
c2q2 − ε3 q20
= 0; (91)
as in the previous section, q2 = qaq
a.
As to the ray surface, we can immediately verify from (65)-(69) that M̂a = 0 and M̂abc = 0,
whereas M̂ = µ−30 , M̂abcd = ε0λ
2
0δ(abε
−1
cd) ε1ε2ε3, and
M̂ab = − λ
2
0
µ0

ε2 + ε3 0 0
0 ε1 + ε3 0
0 0 ε1 + ε2
 . (92)
Then, from (70), one can straightforwardly derive the dual equation of the Fresnel ray surface
for the components of the ray vector s = (s0, s1, s2, s3):
(s1)2
ε1 s2 − c2(s0)2 +
(s2)2
ε2 s2 − c2(s0)2 +
(s3)2
ε3 s2 − c2(s0)2 = 0. (93)
Typical wave and ray surfaces are depicted in Figs. 8 and 9, respectively. Both surfaces
consist of two non-intersecting branches touching each other exactly in 4 points.
When the skewon field is present, the mentioned picture becomes more nontrivial. In
particular, for the case of the isotropic skewon (52), the constitutive relation is modified by
adding to (89) the nonvanishing 3× 3 matrices
Cab = −Sδab , Dab = Sδba. (94)
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FIG. 8: Fresnel wave covector surface for an anisotropic dielectric medium with ε1 = 39.7, ε2 =
15.4, ε3 = 2.3. There are two branches, the outer part of the surface is cut into half in order to
show the inner branch; we use the dimensionless variables x := cq1/q0, y := cq2/q0, z := cq3/q0.
Then, a quick computation shows that all the M-coefficients remain the same except that
(90) is replaced with
Mab = ε0λ
2
0

ε1(ε2 + ε3 − 4S2) 0 0
0 ε2(ε1 + ε3 − 4S2) 0
0 0 ε3(ε1 + ε2 − 4S2)
 . (95)
Here we introduced the dimensionless skewon variable S := S/λ0.
Analogously we can verify that the dual M̂ -coefficients are the same as in the skewonless
case except that (92) is changed to
M̂ab = − λ
2
0
µ0

ε2 + ε3 − 4S2 0 0
0 ε1 + ε3 − 4S2 0
0 0 ε1 + ε2 − 4S2
 . (96)
Then the equations of wave and ray surfaces cannot be represented any longer in the
compact form (91) and (93). The skewon affects the form of the surfaces by creating typical
holes that correspond to the directions of wave covectors along which no wave propagation
occurs. More specifically, the original two branches of the wave and ray surfaces, depicted
in Figs. 8, 9, merge and form a single non-simply-connected surface. In the process of such
a merging, the four points where the original two branches touched each other become the
wormholes through which one can move from the outer surface into the inner one. Such a
typical skewon effect is shown in Fig. 10.
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FIG. 9: Fresnel ray vector surface for an anisotropic dielectric medium with ε1 = 39.7, ε2 = 15.4,
ε3 = 2.3. There are two branches, 1/4 part of the outer surface is cut off in order to show the
second inner branch; we use the dimensionless variables x := s1/s0c, y := s2/s0c, z := s3/s0c.
FIG. 10: Fresnel wave covector surface for an anisotropic dielectric medium with ε1 = 39.7,
ε2 = 15.4, ε3 = 2.3 in presence of a skewon. The two original branches (cf. with Fig. 8)
are now merged into a single surface with the wormholes replacing the original four points
where the branches touched. The surface is cut into half; we use the dimensionless variables
x := cq1/q0, y := cq2/q0, z := cq3/q0.
DISCUSSION AND CONCLUSION
The violation of the Lorentz symmetry of spacetime results in “spoiling” the ordinary light
cone and, in particular, in the emergence of birefringence in light propagation. Thus, the
investigation of electromagnetic wave phenomena provides an understanding of the Lorentz
violation in the photon sector of SME. The birefringence type effects represent the observ-
able consequences of the model and the corresponding measurements impose limits on the
Lorentz-violating parameters in the general linear spacetime relation. It was shown previ-
ously [5] by using cosmological and laboratory observations that the birefringence-related
parameters of the principal part of the constitutive tensor must be smaller than 10−32 λ0.
In this paper we investigated the general covariant Fresnel equation for the wave covectors
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as well as for the ray vectors in the case of a linear spacetime relation (3) that connects the
electromagnetic excitation with the field strength. Strictly speaking, the physical informa-
tion contained in the ray vector surface is the same as that in the wave covector surface. The
reason why we still analyzed the ray along with the wave surfaces is twofold. Firstly, we de-
veloped the four-dimensional covariant approach to the ray surfaces in complete analogy with
the earlier results obtained for the Fresnel wave surfaces. Such a formalism might be helpful
in the study of the various aspects of the wave propagation in media, since the construction
of the ray surfaces is quite a common tool in crystal optics, see [17, 18, 19, 20, 28, 31]. Sec-
ondly, we demonstrated explicitly that although the ray surface is dual to the wave surface
(which is also clearly seen from the figures above), the optical metric, which is naturally
derived in the case of birefringence, is different for the wave and for the ray surfaces and the
two metrics derived are not dual to each other.
The skewon part (10)1, (15) of the constitutive tensor was in the center of our study. We
introduced its general parametrization (55). This enabled us to distiguish between three dif-
ferent types of effects: the electric and magnetic Faraday effects and the (magneto-electric)
optical activity. The influence of a skewon field on the Fresnel wave and ray surfaces is qual-
itatively different in these three case. This is illustrated in the figures in the corresponding
subsections of Sec. . However, the characteristic sign of the skewon is the emergence of the
specific holes in the Fresnel surfaces that correspond to the directions in space along which
the wave propagation is damped out completely. This effect is in complete agreement with
our earlier conclusion on the dissipative nature of the skewon field [13, 22, 23].
Besides the qualitative results, one may derive numerical limits on the magnitude of the
skewon components from the experimental search for the anisotropy of the velocity of light.
Using the data for the gamma-ray bursts and following [5], we then obtain the estimates
sa
bsb
a ∼ aababa < 7 × 10−27λ20 and nana < 3 × 10−27ε20. This shows that if the skewon
indeed spoils the light cone structure (yielding a violation of the Lorentz symmetry and
an anisotropy of the propagation of light), its influence should be extremely small. As a
final remark we note that the experimental laboratory data [35] imposes much stronger
constraints on the principal part of the constitutive tensor (see the corresponding analysis
in [5]), and we can expect that the same will be true for the skewon too since the theoretical
formalisms are pretty much the same in both cases.
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